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Abstract—In the present investigation a theoretical analysis is performed to study the unsteady mixed
convection flow and heat transfer between two infinite coaxial isothermal disks. One disk rotated at a
constant rate and another one at a time-dependent rate. Two modes of the time-dependent rotation,
asymptotic and torsionally oscillatory, are studied. Governing equations are formulated with respect to a
rotating frame of reference. The density variation in the centrifugal force term is considered to explore the
rotation-induced buoyancy effect. By using proper transformations, a simple model of spatial similarity
for a Boussinesq fluid is developed and then solved by a finite-difference method. Effects of rotation,
centrifugal buoyancy, unsteadiness, oscillation amplitude and frequency on the flow and heat transfer
characteristics are discussed.

INTRODUCTION

Fluid flow and heat transfer associated with a rotating
disk system are of academic and practical interest for
the wide applications of rotating machinery. Due to
the rotation of the disk two rotational forces, Coriolis
and centrifugal, are present in the flow field. By con-
sidering the fluid density variation and invoking the
Boussinesq approximation, the so-called centrifugal
buoyancy can be taken into account. The buoyancy
effects on steady transport phenomena in rotating disk
systems have been extensively studied by Soong and
his colleagues [1--3]. In a rotating thermal system,
the heat transfer performance may be enhanced or
reduced by the transient effects. In the worst cases of
heat transfer degradation, damage may result by the
periodic and/or excessive thermal loading as well as
the emergence of the local hot spot. To explore the
unsteady flow characteristics, in the past, the transient
analyses associated with rotating disk systems have
been studied by a number of investigators. The related
flow configurations can be roughly divided into the
following three categories : (1) single disk [4-14]; (2)
coaxial disks {15, 16] and (3) cylindrical container
[17-21]. Additionally, unsteady film flow on a rotating
disk, e.g. that in refs. [22, 23], is another kind of

1 Present address : Assistant Scientist, Propulsion Group,
Aeronautical Industrial Development Center, Taichung,
Taiwan 400, Republic of China.

rotating-disk flow configuration. The central theme of
the latter class of studies lies in the interfacial effects
and is quite different from that of the problems in the
aforementioned three categories.

A chronological list of the previous theoretical/
numerical works on unsteady rotating flows associ-
ated with the single disk, coaxial disks, and cylindrical
container is shown in Table 1. Some characteristic
features of the unsteady rotating-disk flows have been
disclosed in the former literature. For example, in an
impulsively started rotating-disk system, the time for
development of the steady state and Ekman layer is
of the order of Re'? [19]. In Sharma’s analysis for a
single fluctuating disk [14], it has been revealed that
the responses of the heat transfer rate and the radial
friction present phase lag, while the tangential friction
is phase leading. Later on, Singh’s results [14]
corroborated Sharma’s conclusion; also, he found
small effects of frequency on heat transfer rates. From
the aforementioned literature survey, most of the
studies focused their attention on hydrodynamic
natures, and only a few studies [8, 12, 14] have dealt
with forced convection heat transfer on a single disk.
Moreover, it is noted that only two studies pertain to
the unsteady flow in the coaxial disk system. Up to
date, strictly speaking, a study on the unsteady non-
isothermal flow and heat transfer characteristics
between two rotating disks has not yet been reported.

The objective of the present work is to study the
effects of the transient rotation and the centrifugal
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B buoyancy parameter or thermal

Rossby number, SAT,

skin friction coefficient,

2u(0U[0Z)./Tp(RQ)]

constant-pressure specific heat

radial velocity function, U/RQ,

tangential velocity function, V/RQ,

axial velocity function, W/(vQ,))'?

heat transfer coefficient

thermal conductivity

Nusselt number, 4S/k

static pressure

P’, p’ dimensionless and dimensional
pressure departure, P’ = p’/p(5SQ,)*

Pr Prandtl number, v/a

R,p,Z cylindrical coordinates

Re*  local rotational Reynolds number,

e

o
o

vEEIzAMN

(RQ)Sfv
Re  rotational Reynolds number, Q,5%/v
S spacing between two coaxial disks
T temperature
t time
AT, characteristic temperature difference,
T,—T,

U,V,W velocity components in R-¢p-Z
coordinate system.

NOMENCLATURE

Greek symbols
o thermal diffusivity, k/pc,

B thermal expansion coefficient,
—(1/p)(0p/0T),

Y dimensionless disk-velocity difference,
(Q,—Q))/Q,

dimensionless axial coordinate, Z/S
dimensionless temperature difference,
(T'-T))/AT,

U dynamic viscosity

v kinematic viscosity, u/p

y dimensionless pressure, P’/p,(SQ,)*
p density
T

Q

o)

>

dimensionless time, Q,¢

rotational speed (rsd s~' or rpm)
, Qos dimensionless and dimensional

forcing frequency, w = Qqg/L2;.

Subscripts
0 initial state
1 first disk
2 second disk
a0 asymptotic state as { — o©
r reference or radial
t tangential
Q rotation.

buoyancy on flow and heat transfer between two
coaxially rotating infinite isothermal disks. One of the
disks rotates at a constant rate and another one at a
time-dependent rotating rate. The density variation in

the centrifugal force term is considered so as to
account for the centrifugal-buoyancy effects. The
governing equations for the Boussinesq fluid with
respect to a rotating frame of reference are trans-

Table 1. Previous theoretical/numerical studies on unsteady rotating disk flow and heat transfer problems

Rotating Heat Unsteady
Author Year system Solution convection mode
Rosenbalt 1959 Single disk Asymptotic — Oscillatory
Rosenbalt 1960 Coaxial disks Asymptotic — Oscillatory
Greenspan 1963 Cylindrical container Asymptotic — Impulsive
and Howard
Benney 1963 Single disk Asymptotic — Oscillatory
Wedemeyer 1964 Cylindrical container Integral — Impulsive
Riley 1965 Single disk Asymptotic — Oscillatory
Pearson 1965 Coaxial disks Finite difference — Impulsive
Benton 1966 Single disk Series — Impulsive
Riley 1967 Single disk Asymptotic Forced Impulsive
Oscillatory
Pao 1970 Cylindrical container Finite difference — Impulsive
Lugt and Haussling 1973 Cylindrical container Finite difference — Impulsive
Bodonyi and 1977 Single disk Finite difference e Impulsive
Stewartson
Purushothaman 1978 Single disk Asymptotic — Oscillatory
Shippers 1978 Single disk Finite difference — Impulsive
Asymptotic Oscillatory
Sharma 1979 Single disk Asymptotic Forced Oscillatory
Bertela and Gori 1982 Cylindrical container Finite difference — Impulsive
Stewartson et al. 1982 Single disk Asymptotic — Impulsive
Singh et al. 1989 Single disk Finite difference Forced Oscillatory
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formed to a spatial similarity form. A number of pre-
vious investigations, see Table 1, used asymptotic
expansion in their analyses ; however, the results were
restricted to the extreme cases of low- and high-
frequency flows. In the present work, a finite difference
method is used for solution of the unsteady spatial-
similarity equations. Although, as disclosed in a recent
review article by Mochizuki [24], the rotating disk
flows are complex because of flow turbulence and
rotating stall phenomenon for high rotation rate and
large radius, the similarity analysis is still useful for
exploration of the laminar and stall-free part of the
flow field. For example, in the comparisons made by
Pearson [16] and Itoh es al. [25], similarity solutions
seem in reasonable agreement with the finite-disk data
in the region of R/S < 0.6. This lends supports for the
usefulness of the similarity models. The same class of
models has been eraployed to study various unsteady
flows, e.g. rotating-disk flow (without heat transfer)
[16] and the film flow on a rotating disk [23]. More-
over, since the measurements of the field properties,
e.g. velocities and temperature, on the two-disk flow
configurations are quite difficult, especially for the
temperature distributions in the torsionally oscillating
flow considered, a relatively simple theoretical model
can provide some useful qualitative and/or quanti-
tative results, and play a complementary role in under-
standing hydrodynamic and heat transfer charac-
teristics of this class of complex flows. In the present
work, two modes of unsteady rotation, asymptotic
and torsionally oscillatory, are considered. The influ-
ences of the rotation, centrifugal buoyancy and
unsteadiness, including the effects of frequency and
amplitude, on the flow and heat transfer charac-
teristics are discussed.

ANALYSIS

As shown in Fig. 1, two rotating coaxial infinite
disks considered in the present study are placed in
parallel and separated by a spacing S. The disks lie at
constant wall temperatures T, and T, and rotate at
rotational speeds Q, and Q,, respectively. The
rotational rate 2, is constant and that of disk 2 is time
dependent, i.e. Q, = Q,(¢). The cylindrical coordinate
system is fixed on the center of the disk 1 and rotates
with it. Assume that the flow is laminar, axisymmetric,
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and of constant physical properties. By invoking the
Boussinesq approximation to allow for density vari-
ation in centrifugal force term, the governing equa-
tions can be written in a similar form as appeared in
a previous steady work [26] :

V-V=0 (1)

8V /ot +(V-V)V = W2V +VP'/p,
—B(T-THQxQAxR)—20xV (2)
8T/ot+(V-V)T = aV2T 3)

where the subscript r denotes a reference condition at
which V=0, P’ = P—P, is the pressure departure
from the reference condition, and R is the position
vector. By using the transformations and the dimen-
sionless parameters:

n=2S, 1=t F=URQ,, G=V/RQ,
H=W/0Q)'"*, 0= (T—T,)/AT.,, Re= S°Q,/v,
Pr=vja,B=BAT AT, =T,—T,
the governing equations can be written as
G, = Re”'G,,—Re™'*(HG,—H,G—H,) (4)
H,,=Re 'H,, . —4Re'*(G+1)G,
—Re '’ HH,

nnn

6, = (Pr Re)~'6,,— Re™"2HO, (6)

+2BRe'20, (5)

with the boundary and initial conditions for H(t,#),
G(t, H) and 0(z, n) given as follows:

H(z,0) = H'(¢,0) = H(z,1) = H'(z,1) = 0
G(t,0) = G(r, 1) —y(z) = 0
H(0,m) = Hy(n), G0, 1) = Go (), 000, 1) = 0o(1p)

Y

where G(z,n), H(t,n) and 0(z, n) are the tangential
velocity, axial velocity and temperature function,
respectively. Note that the radial velocity F(z,#) has
been expressed in terms of the derivative H,(t,7).
The parameter Pr is the Prandtl number and
Pr=0.7 for air is used in the present study. The
rotational effect is characterized by the Reynolds
number, Re, which ranges from 10 to 1200. The buoy-

A Z
QD Qz(t) T2
S
| > T R

Fig. 1. Physical model of rotating coaxial disks.
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Table 2. Grid-dependence of the friction factors and Nusselt numbers for (Re, B, 7y, Vo, 0,
At) = (100,0.2, —1,0,0.8,2.5x 107%

No. of grids S1 101 201
Cy Re* —3.10502 (0.773%) —3.09026 —3.09026
Cip Re* +0.238285 (0.928%) +0.238473 +0.238473
Cyyy Re* —11.2301 (0.458%) —11.2714 —11.2714
Cyy Re* —3.86619 (3.000%) —3.94722 —3.94722

Nu, +10.3034 (0.595%) +10.3675 +10.3675
Nu, +2.25832 (0.010%) +2.27522 +2.27522

ancy parameter B is also referred to as the thermal
Rossby number. For validity of the Boussinesq approxi-
mation, in conventional free-convection problems, the
values of B = BAT, were usually small. For example,
a magnitude of SAT, < 0.1 was claimed in the study
of Gray and Giorgini [27] ; and a value of 0.2 was also
used [28]. In the present work, the thermal Rossby
number B is restricted in the range of |B] < 0.2, and
(1) = [Q:(1) —Q,)/Q, is the dimensionless rotation-
rate difference between the two disks. The values of
y=0, —1 and —2, respectively, correspond to the
cases of Q, =8, (co-rotating disks), Q, #Q, =0
(rotor-stator) and Q, = —Q, (counter-rotating disks).
The radial velocity F(r, n) can be evaluated by con-

0.3
—— Unsteady
——— Quasi—steady

0.8

1.0

tinuity once H(t, ) has been solved. The functions
Hy(n), Go(n) and 6,(n) stand for the steady-state solu-
tions corresponding to the initial rotational condition
7o = 7(0). In the present study both the asymptotically
varying rotation rate y(t)

P(@) =Y+ (P —7)(1—0) O<o<l (8
and the torsionally oscillatory mode
(1) = 7o +{sin (w1) ®

are considered. In equation (8), v, = y(c0) denotes
the asymptotic state as 7 — oo ; the parameter o is one
governing the rate of change of y, { in equation (9)
stands for the oscillation amplitude, and @ = Qs/Q,

(b)

(d)

1 O T T,

0.4 - g

0.2 4 7

4

0.0

0.0 06 08 10

n

" 02 o4

Fig. 2. Spin-up solutions for (Re, B, 74, ¥, ¢} = (100, 0.1, —1, —2, 0.845).
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Fig. 3. Friction factors and heat transfer rates for (B, 7o, 7. 6) = (0.1, —1, —2, 0.845). (a) Re = 100,
(b) Re = 10.

and Qos are the dimensionless and dimensional (b) Radial skin friction factors:
frequency of the disk oscillation. .

The flow and heat transfer parameters concerned in Cii Re* = 2F,(1,0)  Ciq Re* = =2F,(z,1)
the present study are tangential and radial skin friction Ci Re* = Cyy Re* + Cyp Re* (1n
and heat transfer rate. These boundary parameters on
each disk and the two-disk summations are defined as
follows. Nu, = —0,(1,0) Nu, = 8,(z, 1)

(a) Tangential skin friction factors: Nu = Nu, + Nt a2)

* — 26 * =
i Re* =26, (v,0) - Coz Re 26, 1) By these definitions, the positive values of the
Cq Re* = Cy Re* + Cy Re* (10) Nusselt number stand for the heat transferred from

(¢) Nusselt numbers:
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(b)

60

4

40 50

Fig. 4. Buoyancy effects on friction factors and heat transfer rates for (Re, g, Y, 0) = (100, —1, 0, 0.8).
(a) B=0.0and (b) B=0.2.

the wall to fluid, and the negative Nu for heat transfer
from wall to fluid in the case of T, — T;,. The situation
is reversed for T, > T,.

NUMERICAL PROCEDURE

The numerical computation is carried out on a non-
uniform algebraic grid. Time-wise discretization is
carried out by using a weighted scheme [29], while the
spatial discretization is performed by a three-point
exponential-based scheme, which was originally
developed by Barrett [30] and recently extended to a
nonuniform-discretization form by Soong [31].

Numerical experiments on the grid-dependence test
were performed. A typical case of a rotor-stator sys-
tem (y = —1) at Re = 100, B = 0.2 and Pr = 0.7 was
considered as an illustrative example. Disk 2 was
initially stationary and impulsively started at 7 = 0,
and then approached Q, = €,. In this situation, (1)
varied from y, = —1 to y,, = 0 with ¢ = 0.8. A uni-
form time step, Az = 2.5x 107*, is used in the test.
Table 2 lists the results at 7 = 5.0 (20 000th time step)
on grids of 51, 101, 201 points in #-space. Solutions
on the 101-grid show no significant deviation from the
201-grid results. The deviations of the 51-grid solu-
tions from the 201-grid ones are shown in the par-
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entheses. It is obvious that, in this case, the 101-grid is
sufficient for accuracy. For high-Re cases (Re = 500)
a finer grid, e.g. 201-point, has to be used for better
resolution and convergence characteristics. The effect
of the time step was also studied: for ¢ = 0.8 and
0.845 considered in the present work, the results
revealed that At of order 10~* is appropriate in the
computation. However, for the smaller ¢ in the
asymptotic mode, i.e. rapid time rate of change in v,
a smaller time step should be employed.

RESULTS AND DISCUSSION

Asymptotic mode

Transient effects and formation of Ekman layer.
Figure 2 shows the results for the case of Re = 100,
B = 0.1. Disk 2 is initially stationary, Q, = 0, and then
suddenly spins up in the opposite direction to disk
1, and then approaches to Q, = —Q, asymptotically.
Therefore, the value of y changes from y, = —1 to
Y = —2 following the rule of equation (8) with
o = 0.845. In Fig. 2(a), the evolution of radial velocity
demonstrates the formation of the Ekman layer at
n = 1.0 due to spin up of disk 2. All the velocity
components in Figs. 2(b)-(d) evolve fast at the tran-
sient stage, 7 < 25: beyond that value the system
approaches a steady state asymptotically. The differ-
ences between the velocity solutions at T = 25.26 and
77.00 are insignificant. However, the temperature field
is not so sensitive to the disturbance. Even at
7 = 50.25, 9 still does not reach its steady state. The
responses of fricticn factors and Nusselt numbers in
Fig. 3(a) can also demonstrate this phenomenon. At
7 = 77.00, the solutions, including flow and tem-
perature fields, coincide (almost) with the steady state
of Re=100, B=C.l and y = -2,

Reynolds number effects. Figures 3(a) and (b),
respectively, present the skin friction and heat transfer
rate for the cases of Re = 100 and Re = 10; and both
cases are of B=0.1, yp=-1, y,= -2 and
o = 0.845. Like in an impulsively started system the
responses of the flow and temperature fields cannot
follow the variation in time. By comparing Figs. 3(a)
and (b), it is noted that the transient effects, which
are characterized by the deviations of the unsteady
solutions and the quasi-steady ones solved by con-
sidering the temporal value of y(1) as a constant, are
more remarkable for the higher Reynolds number,
Re = 100. The larger transient effects in this situation
can be attributed 1o the relatively stronger inertia in
rapidly rotating systems. Comparison of the unsteady
solutions with the quasi-steady ones of the heat trans-
fer rates reveals that the transient effect diminishes at
time about 7 = 70 for Re = 100, while at about t = 20
for Re = 10.

Buoyancy effects. For the case of Re = 100, disk 2
is impulsively started at t = 0 and, then, the rotation
rate ,(r) approaches to ; asymptotically with
¢ = 0.8. Equivalently, y(tr) varies from y,= —1 to
Y« = 0. In this situation, the time evolutions of the
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radial friction factors and heat transfer rates with
buoyancy parameter B = 0.0 and 0.2 are respectively
shown in Figs. 4(a) and (b), wherein the unsteady
solutions are compared with the quasi-steady solu-
tions. In the comparison, the buoyancy effects influ-
ence the solutions only quantitatively. Since the final
state is of y = 0, i.e. two disks rotating at the same
rate, the friction factors on the disks all settle down
to the zero level for the solid-rotation case, i.e.
y = B=0.0 in Fig. 4(a), and Nusselt numbers cor-
respond to a conduction solution as expected. For
B = 0.2 in Fig. 4(b), it is a free-convection flow driven
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by the centrifugal buoyancy [2]. From the results in
Figs. 4(a) and (b), the responses in the two cases
are quite similar. It means that the development of
the transient stage is not significantly altered by the
centrifugal buoyancy effect in the transient flows of
asymptotic mode.

Oscillatory mode

Transient stage and fully developed oscillation.
Figure 5 shows the flow and heat transfer parameters
for the combination of the governing parameters : (Re,

C. Y. SOONG and H. L. MA

B, v, {, w) = (100, 0.1, —1, 0.1, 0.2x). The system
reaches a fully developed periodicity after 12 cycles,
i.e. wt = 24n: before that the system lies at a transient
stage with a variable mean. Herein the term ‘fully-
developed periodicity’ means the system repeats itself
cyclically. In Fig. 5, the fully-developed oscillation is
of a time-invariant mean, amplitude and frequency.
By comparing with the quasi-steady results the vari-
ations of the skin friction and heat transfer rate are
alleviated in the presence of unsteadiness.

Reynolds number effects. The Reynolds number
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Fig. 6. Reynolds number effects on the oscillatory behaviors for flow at (B, y,, {, ) = (0.1, —1, 0.1, =).
(a) Re = 10 and (b) Re = 100.
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effects on the oscillatory behaviors are shown in
Fig. 6, wherein the friction factors and Nusselt num-
bers for Re =10 and 100 under the conditions
(B, 70, {, ) = (0.1, —1,0.1, 7) are plotted. In the flow
at Re = 10, as shown in Fig. 6(a), the transient stage
sustains about three cycles, i.e. wt = 67 ; while for the
relatively higher Reynolds number, i.e. Re = 100 in
Fig. 6(b), a longer period is needed for the transient
development. It is noticed that, due to the inertia, the
temporal responses in the unsteady flows generally
deviate from their quasi-steady counterparts remark-
ably. For the torsional oscillation of disk 2, the tan-
gential friction of disk 2, Cy, Re*, can be augmented
by the transient effect. In Fig. 6(b), the unsteady
results of Cy, Re* for the relatively higher Reynolds
number, Re = 100, are alleviated. Also, in Fig. 6(b),
the responses reveal that the differences between the
temporal responses and the corresponding quasi-
steady flows are mcre pronounced in a high Reynolds
number flow for the strong inertia.

Figure 7(a) shows the cyclic evolution of the tan-
gential velocity in an oscillatory period for a typical

-1.2 L el 1 | [ ! 1

0.0 0.5 1.0

Fig. 7. Cyclic evolution of tangential flow at (B, y,, ¢,
w) = (—0.1, —1,0.1, n). (a) Re = 100, (b) Re = 10.
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case of (Re, B, 7y, {, w) = (100, —0.1, —1, 0.1, 7) in
fully-developed oscillation regime, in which the
response of the tangential velocity is the most salient
one among three velocity components and the tem-
perature field. The time-evolution of the tangential
motion near the oscillatory disk can be observed
clearly, while the temporal change in the region of
n < 0.7 is insignificant. For a relatively low Reynolds
number, Re = 10 in Fig. 7(b), the penetration depth
or influenced region of the disk oscillation can be
extended due to the small inertia of the flow system.

Buoyancy effects. For the case of (Re,y,,{,0) =
(100, —1,0.1,0.2n), the total tangential and radial
friction factors and Nusselt numbers with buoyancy
parameters B = 0.2, 0 and —0.2 are presented in Fig.
8. By examining the transient development process, it
can be found that the responses for B = 0.2 present a
longer transient stage than the cases of B =0 and
—0.2.

In the plots of tangential factors, Cy, Re* and
Cy, Re*, it is revealed that Cg, Re* in this case stays
very close to the quasi-steady solution, and the mag-
nitudes of the amplitudes for B = —0.2 and 0.2 both
do not change too much as compared with that for
B = 0. The amplitude of Cy, Re* for B = 0 is about
20% of the quasi-steady solution. Comparatively, the
amplitude of the Cy,, Re* response is large for B = 0.2
(>0) and small for B= —0.2 (<0). In other words,
centrifugal buoyancy with 7, > T, enhances the tran-
sient effect and the buoyancy effect with T, > T,
[B= —0.2 (<0)] reduces the transient effect. The
same phenomena can also be observed in the plots of
the boundary parameters Cy,, Re*, Cg, Re* and Nu;.
On the contrary, the influence of the buoyancy is
reversed in the behavior of the heat transfer on disk 2,
Nu,. The centrifugal buoyancy with positive B reduces
the amplitude of the Nu, response, while that with
negative B enhances it. The centrifugal-buoyancy
effect also shifts the phase of the responses. For
example, in the tangential friction factor, Cy, Re*, plot
the response of B = 0.2 is phase-leading as compared
with that of B=0and B= —0.2.

Oscillatory effects. Two effects of oscillation, i.e.
amplitude and frequency, are addressed in the present
section. Figure 9 shows the amplitude effect on the
responses of the oscillating thermal-fluid charac-
teristics for (Re, B, y,, @) = (100, 0.2, —1, n). As
expected the amplitude of the responses strongly
depends on the fluctuation of disk rotation. The aug-
mented amplitude of the responses can also result
from increasing the amplitude of Q,(t).

For the flows of (Re, B, y, {) = (100, 0.2, —1,
—0.1) and the frequencies w = 0.2%, =, and 2= in Fig.
10, the frequency effects are explored by examining
the time-evolution of the friction factors and heat
transfer rates in a rotating disk system with the
fluctuating disk 2. High-frequency fluctuation leads
to a long transient stage before the fully-developed
periodicity. Since the fluctuation of the tangential
velocity of disk 2 is the source of the disturbance,
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Fig. 8. Centrifugal-buoyancy effects on the flows at (Re, y,, {, @) = (100, —1, 0.1, 0.27).

Ch, Re* presents a quite different behavior from the
other flow and thermal parameters. It is seen that the
amplitudes of the Cy, Re* responses can be augmented
with increasing fluctuation frequency, and the
responses appear phase-leading as compared with the
forcing disturbance. For the other parameters, i.e.
Cri Re*, Cyy Re*, Cy, Re*, Nu, and Nu,, the increase
in frequency results in a phase lag in responses, and
the amplitudes decreased rather than increased. It is
believed that they are indirectly influenced by the fluc-
tuation and the fluid cannot respond immediately

to the torsional fluctuation of disk 2. Therefore, as
presented in Fig. 10, the high frequency of the forcing
disturbance leads to the small amplitude of the
responses.

Phase diagrams for varying values of Reynolds
number. For the condition of (B, y,, {, ®) = (0.1, —1,
0.1, m) and Re = 100, 600 and 1200, the phase dia-
grams of the velocity functions G vs F at two points
adjacent to disks 1 (5 =~ 0.08) and 2 (5 =~ 0.91) are
plotted in Fig. 11. The phase diagrams demonstrate
the different behaviors of fluid flow near the two disks,
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Near disk 1, from the phase plots in Fig. 11(a), it is
observed that the phase trajectories spiral into a small
closed path. Physically, it implies that the fluid motion
near the constantly-rotating disk (disk 1) decays to
an oscillation with a very small amplitude, and the
amplitude reduces with increasing Re. The fluid near
the fluctuating disk (disk 2) behaves in a more
complicated way. As shown in Fig. 11(b), the phase
trajectory remains rather regular at a relatively low
Reynolds number, Re = 100. As the Reynolds num-
ber increases to the higher values, e.g. Re = 600 and
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1200, the phase trajectories first appear anomalous
and, eventually, are attracted to a limit cycle in the
phase plane. It means that the long-term behavior of
the system with Re < 1200 is still a periodic oscil-
lation ; but, in the transient stage, the system behaves
aperiodically. The phase plots also demonstrate that
the increase in Re results in an extension of the
transient stage.

CONCLUDING REMARKS

An unsteady analysis for mixed convection between
two rotating coaxial disks has been developed. It is
believed that the present results are not only useful
in exploring the unsteady transport phenomena in
a coaxially rotating system, but are also useful in
understanding the transient flow and heat transfer
characteristics of other unsteady thermal systems.
From the present results the following conclusions
can be drawn:

(1) For both asymptotic and torsionally oscillatory
modes, the flow and heat transfer characteristics
experience a transient stage. The system finally reaches
a steady state for the asymptotic case, while turning to
a fully-developed periodicity in the cases of oscillatory
mode. The transient development depends strongly
on the competition of the inertia effect of the system
and the effects of the unsteadiness.

(2) For the asymptotic mode, centrifugal buoyancy
can only alter the steady-state solutions quanti-
tatively ; however, the qualitative natures of the tran-
sient flow, e.g. the growth and decay of the Ekman
layer and the period of the transient stage, cannot
be significantly affected by the centrifugal-buoyancy
effect.

(3) In the cases of the oscillatory disk, since the
torsional oscillation of disk 2 is the source of the
disturbance, the tangential friction factor on disk 2
can respond to the forcing oscillation better than the
radial friction factors and heat transfer rates; and it
is also phase-leading in some of the cases.

(4) The amplitudes of the flow and heat transfer
parameters increase with the centrifugal buoyancy in
the case of positive thermal Rossby number. The tran-
sient stage in the oscillatory mode can be extended by
the buoyancy effect. Moreover, the centrifugal buoy-
ancy may cause a phase-shift in the responses,

(5) As expected, the amplitudes of the responses
increase with the increasing forcing amplitude,
However, the high frequency of the oscillation can
augment the amplitude of the tangential friction on
the fluctuating disk but suppress the amplitudes of the
responses of the other friction factors and heat trans-
fer rates, since the flow can not follow the rapid alter-
nation caused by the high-frequency fluctuation of the
oscillatory disk.

(6) For the oscillatory mode, the phase diagram
analysis demonstrates that, at high Reynolds
numbers, the fully-developed periodicity can be
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delayed and the behavior of the flow system becomes

ra

ther anomalous in the transient stage. It may be

regarded as a clue to flow approaching instability at
the higher Reynolds numbers. The instability problem

is

beyond the scope of the present work, but it is a

worthwhile investigation in the future.
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